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.2013.08.0Abstract In this paper, the topological soliton solutions of nonlinear evolution equations are
obtained by the solitary wave ansatz method. Under some parameter conditions, exact solitary
wave solutions are obtained. Note that it is always useful and desirable to construct exact solutions
especially soliton-type (dark, bright, kink, anti-kink, etc.) envelope for the understanding of most
nonlinear physical phenomena.
 2013 Production and hosting by Elsevier B.V. on behalf of Ain Shams University.1. Introduction
Nonlinear evolution equations are special classes of the cate-
gory of partial differential equations (PDEs), which have been
studied intensively in past few decades [1]. It is well known that
seeking explicit solutions for nonlinear evolution equations, by
using different numerous methods, plays a major role in mathe-
matical physics and becomes one of the most exciting and
extremely active areas of research investigation for mathemati-
cians and physicists. In fact, when we want to understand the
physical mechanism of phenomena in nature, described by
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02be explored. In particular, the soliton solutions play an
important role in the study of the models arising from various
natural phenomena and scientiﬁc ﬁelds; for instance, the wave
phenomena observed in ﬂuid mechanics, elastic media, optical
ﬁbers, nuclear physics, high-energy physics, plasma physics,
biology, solid-state physics, chemical kinematics, chemical
physics and geochemistry, etc. Most famous models of such
equations admitting solitons are, for example, the nonlinear
Schro¨dinger equations, the Korteweg–de Vries equations, the
Kadomtsev–Petviashvili equations, the Boussinesq equations,
and the Zakharov–Kuznetsov equations. A large number of
such equations have been studied in these contexts, and
numerous analytic and computational effective techniques have
been proposed to investigate these types of equations.





-expansion method [2,3], exponential function
method [4,5], Fan’s F-expansion method [6,7], the tanh–sech
method [8–10], extended tanh method [11–13], sine–cosine
method [14–16], homogeneous balance method [17,18], ﬁrst
integral method [19–21], simplest equation method [22,23], an-
satz method [24–27] and many others. There are variousin Shams University.
258 A. Bekir, O¨. Gu¨neradvantages and disadvantages of these modern methods of
integrability that includes these methods. Although a closed
form soliton solution can be obtained by these techniques,
the disadvantage of these methods is that these techniques can-
not compute the conserved quantities of nonlinear evolution
equations nor it can lay down an expression of the soliton radi-
ation. Nevertheless, the fact that soliton solutions can be ob-
tained is itself a big blessing [28–30].
In this paper, one such method of integration will be used
to carry out the integration for some nonlinear evolution equa-
tions (NEEs) to obtain the topological soliton solutions.
2. Ansatz method
In this section, the ansatz method will be used to obtain the
Calogero and Ramani equations of solutions. The search is
going to be for a topological 1-soliton solution, which is also
known as a kink solution or a shock wave solution. This will
be demonstrated in the following two subsections. For both
equations, arbitrary constant coefﬁcients will be considered.
2.1. (2 + 1)-Dimensional breaking soliton (Calogero) equation
Consider the following nonlinear (2 + 1)-dimensional break-
ing soliton (Calogero) equation is given
uxxxy  2uyuxx  4uxuxy þ uxt ¼ 0 ð1Þ
which was ﬁrst introduced by Calogero et al. [31]. Mei and
Zhang obtained some soliton-like solutions and periodic solu-
tions by using the projective Riccati equation expansion meth-
od [32]. Geng and Cao are obtained some N-soliton solutions
and algebro-geometric solutions [33].
Thetopologicalsolitonsolution: The topological solitons that are
also known as optical solitons are also supported by the NEEs
[34–39]. In this case, as it will be seen that for the case of gen-
eralized NEEs, the topological solitons will exist under certain
restrictions. The subject of topological solitons will be studied
for the case of power law nonlinearity only. Thus, the equation
of study in this section will be (1). Let us begin the analysis by
assuming an ansatz solution of the from [40–45]:
uðx; y; tÞ ¼ ktanhp s ð2Þ
and
s ¼ g1xþ g2y vt ð3Þ
where the parameters k, gi (i= 1, 2) are the free parameters
and is the velocity of the soliton. The value of the unknown
exponent p will be determined during the course of derivation
of the soliton solution of (1)
FromEqs. (2) and (3), we ﬁnd ux, uy, uxt, uxx, uxy, uyuxx, uxuxy,
uxxxy and substituting these equations into Eq. (1), we obtain
pg31g2kfðp 1Þðp 2Þðp 3Þtanhp4 s 4ðp 1Þðp2  2p
þ 2Þtanhp2 sþ 2pð3p2 þ 5Þtanhp sg  pg31g2kf4ðpþ 1Þðp2
þ 2pþ 2Þtanhpþ2 s ðpþ 1Þðpþ 2Þðpþ 3Þtanhpþ4 sg
 6k2p2g21g2fðp 1Þtanh2p3 s ð3p 1Þtanh2p1 sþ ð3p
þ 1Þtanh2pþ1 s ðpþ 1Þtanh2pþ3 sg  pkvg1fðp
þ 1Þtanhpþ2 s 2ptanhp sþ ðp 1Þtanhp2 sg
¼ 0 ð4ÞNow equating the highest exponents of tanh2p+1s and
tanhp+2s terms in Eq. (4) gives
2pþ 1 ¼ pþ 2 ð5Þ
which yields
p ¼ 1 ð6Þ
It should be noted that the same value of p is yielded when
the exponents pair 2p+ 3 and p+ 4; 2p  3 and p  2; and
2p  1 and p are equated with each other, respectively.
pðpþ 1Þðpþ 2Þðpþ 3Þg31g2kþ 6k2p2ðpþ 1Þg21g2 ¼ 0 ð7Þ
 4pðpþ 1Þðp2 þ 2pþ 2Þg31g2k 6k2p2ð3pþ 1Þg21g2  pðpþ 1Þkvg1 ¼ 0 ð8Þ
2p2ð3p2 þ 5Þg31g2kþ 6k2p2ð3p 1Þg21g2 þ 2p2kvg1 ¼ 0 ð9Þ
If we put p= 1 in (7)–(9), the system reduces to
24g31g2kþ 12k2g21g2 ¼ 0 ð10Þ
40g31g2k 24k2g21g2  2kvg1 ¼ 0 ð11Þ
16g31g2kþ 12k2g21g2 þ 2kvg1 ¼ 0 ð12Þ
Solving the above equations yields
k ¼ 2g1 ð13Þ
v ¼ 4g21g2 ð14Þ
Hence, ﬁnally, the topological 1-soliton solution to (1) is
respectively given by
uðx; y; tÞ ¼ 2g1 tanh g1xþ g2y 4g21g2t
  ð15Þ
and where the parameter k is given by (13), the velocity of the
solitons is given in (14).
2.2. The sixth-order Ramani equation
We consider the sixth-order Ramani equation or the KdV6
equation is given [46]
:uxxxxxxþ15uxuxxxxþ15uxxuxxxþ45u2xuxx
5ðuxxxtþ3uxuxtþ3utuxxÞ5utt¼ 0 ð16Þ
In [47], it was indicated that there are four distinct cases for
Eq. (16) to pass the Painleve´ test and was examined for com-
plete integrability by using the Ba¨cklund transformation and
Lax pairs. Now, topological soliton solution of this equation
will be obtained. The Hirota’s bilinear method is used to deter-
mine the two distinct structures of solutions by Wazwaz and
Triki in [48].
The topological soliton solution: In this section, we are inter-
ested in ﬁnding the topological soliton solution, as deﬁned in,
[49–54] for the considered sixth-order Ramani Eq. (16).
uðx; tÞ ¼ ktanhp s ð17Þ
and
s ¼ gðx vtÞ ð18Þ
Here, k, g will be determined free parameters and is the soliton
velocity. The unknown index p will be determined in terms of
derivation of the exact solution. From Eqs. (17) and (18), it is
possible to obtain uxxxxxx, uxuxxxx, utuxx, uxxuxxx, uxxxt, uxuxt,
u2xuxx; utt these terms and substituting these equations into
Eq. (16), we obtain
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 pkg6ðp 1Þðp 2Þðp 3Þfðp 4Þðp 5Þ þ ½2p2
þ 2ðp 2Þ2 þ ðp 3Þðp 4Þgtanhp4 sþ pkg6ðp 1Þ
 fðp 2Þðp 3Þ½2p2 þ 2ðp 2Þ2 þ ðp 3Þðp 4Þ
þ ðp 1Þðp 2Þ½2p2 þ 2ðp 2Þ2gtanhp2 sþ pkg6ðp
 1Þf4p4 þ pðp 1Þ2ðp 2Þ þ pðpþ 1Þ2ðp
þ 2Þgtanhp2 s pkg6fðp 1Þ2ðp 2Þ½2p2
þ 2ðp 2Þ2 þ 4p4ðp 1Þ þ pðp 1Þ3ðp 2Þgtanhp s
 pkg6fpðp 1Þðpþ 1Þ2ðpþ 2Þ þ ðpþ 1Þ2ðpþ 2Þ½2p2
þ 2ðpþ 2Þ2gtanhp s pkg6f4p4ðpþ 1Þ þ pðp
þ 1Þðp 1Þ2ðp 2Þ þ pðpþ 1Þ3ðpþ 2Þgtanhp s
þ pkg6ðpþ 1Þfðpþ 2Þðpþ 3Þ½2p2 þ 2ðpþ 2Þ2 þ ðp
þ 3Þðpþ 4Þgtanhpþ2 sþ pkg6ðpþ 1Þfðpþ 1Þðpþ 2Þ
 ½2p2 þ 2ðpþ 2Þ2 þ 4p4 þ pðp 1Þ2ðp 2Þ
þ pðpþ 1Þ2ðpþ 2Þgtanhpþ2 s pkg6ðpþ 1Þðpþ 2Þðp
þ 3Þfðpþ 4Þðpþ 5Þ þ ½2p2 þ 2ðpþ 2Þ2 þ ðpþ 3Þðp
þ 4Þgtanhpþ4 sþ pkg6ðpþ 1Þðpþ 2Þðpþ 3Þðpþ 4Þðp
þ 5Þtanhpþ6 sþ 15p2k2g5ðp 1Þðp 2Þðp
 3Þtanh2p5 s 15p2k2g5ðp 1Þf2ðp 2Þðp 3Þ
þ ð3p2  3pþ 2Þgtanh2p3 sþ 15p2k2g5fðp 1Þðp
 2Þðp 3Þ þ 2ðp 1Þð3p2  3pþ 2Þ þ ðpþ 1Þð3p2
þ 3pþ 2Þgtanh2p1 s 15p2k2g5fðpþ 1Þðpþ 2Þðp
þ 3Þ þ 2ðpþ 1Þð3p2 þ 3pþ 2Þ þ ðp 1Þð3p2  3p
þ 2Þgtanh2pþ1 sþ 15p2k2g5ðpþ 1Þf2ðpþ 2Þðpþ 3Þ
þ ð3p2 þ 3pþ 2Þgtanh2pþ3 s 15p2k2g5ðpþ 1Þðpþ 2Þ
 ðpþ 3Þtanh2pþ5 sþ 15p2k2g5ðp 1Þ2ðp
 2Þtanh2p5 s 15p2k2g5ðp 1Þf2ðp 2Þ þ ð3p2
 3pþ 2Þgtanh2p3 sþ 15p2k2g5fðpþ 1Þðp 1Þðp
 2Þ þ ðp 1Þð3p2 þ 3pþ 2Þ þ 2pð3p2  3p
þ 2Þgtanh2p1 s 15p2k2g5fðp 1Þðpþ 1Þðpþ 2Þ
þ 2pð3p2 þ 3pþ 2Þ þ ðpþ 1Þð3p2  3pþ 2Þgtanh2pþ1 s
þ 15p2k2g5ðpþ 1Þf2pðpþ 2Þ þ ð3p2 þ 3p
þ 2Þgtanh2pþ3 s 15p2k2g5ðpþ 1Þ2ðpþ 2Þtanh2pþ5 s
þ 45p3k3g4fðp 1Þtanh3p4s ð4p 2Þtanh3p2s
þ 6ptanh3ps ð4pþ 2Þtanh3pþ2sþ ðpþ 1Þtanh3pþ4sg
þ 5pg4kvfðp 1Þðp 2Þðp 3Þtanhp4 s 4ðp 1Þ
 ðp2  2pþ 2Þtanhp2 sg þ 5pg4kvf2pð3p2
þ 5Þtanhp s 4ðpþ 1Þðp2 þ 2pþ 2Þtanhpþ2 sþ ðp
þ 1Þðpþ 2Þðpþ 3Þtanhpþ4 sg þ 15k2p2g3vfðp
 1Þtanh2p3 s ð3p 1Þtanh2p1 sþ ð3p
þ 1Þtanh2pþ1 s ðpþ 1Þtanh2pþ3 sg  5pkg2v2fðp
 1Þtanhp2 s 2ptanhp sþ ðpþ 1Þtanhpþ2 sg
¼ 0 ð19Þin Eq. (19), one gets:
3pþ 4 ¼ pþ 6 ð20Þ
which yields the following analytical condition:
p ¼ 1 ð21Þ
It should be noted that the same value of p is yielded when
the exponents pair 2p+ 1 and p+ 2; 3p and 2p+ 1; 3p+ 2
and p+ 4; 2p+ 5 and p+ 6; 3p  4 and p  2; 2p  5 and
p  4; 3p  2 and p and 2p  1 and p are equated with each
other, respectively.
pkg6ðpþ 1Þðpþ 2Þðpþ 3Þðpþ 4Þðpþ 5Þ
 15p2k2g5ðpþ 1Þ2ðpþ 2Þ  15p2k2g5ðpþ 1Þ2ðpþ 2Þ
þ 45p3ðpþ 1Þk3g4 ¼ 0
pkg6ðpþ 1Þðpþ 2Þðpþ 3Þfðpþ 4Þðpþ 5Þ þ ½2p2
þ 2ðpþ 2Þ2 þ ðpþ 3Þðpþ 4Þg þ 15p2k2g5ðpþ 1Þf2ðp
þ 2Þðpþ 3Þ þ ð3p2 þ 3pþ 2Þg þ 15p2k2g5ðpþ 1Þf2pðp
þ 2Þ þ ð3p2 þ 3pþ 2Þg  45p3ð4pþ 2Þk3g4 þ 5pðp
þ 1Þðpþ 2Þðpþ 3Þg4kv 30p2ðpþ 1Þk2g3v
¼ 0 ð23Þ
pkg6ðpþ 1Þfðpþ 2Þðpþ 3Þ½2p2 þ 2ðpþ 2Þ2 þ ðpþ 3Þðp
þ 4Þg þ pkg6ðpþ 1Þfðpþ 1Þðpþ 2Þ½2p2 þ 2ðpþ 2Þ2
þ 4p4 þ pðp 1Þ2ðp 2Þ þ pðpþ 1Þ2ðpþ 2Þg
 15p2k2g5fðpþ 1Þðpþ 2Þðpþ 3Þ þ 2ðpþ 1Þð3p2 þ 3p
þ 2Þ þ ðp 1Þð3p2  3pþ 2Þg  15p2k2g5fðp 1Þðp
þ 1Þðpþ 2Þ þ 2pð3p2 þ 3pþ 2Þ þ ðpþ 1Þð3p2  3p
þ 2Þg þ 270p4k3g4  20pðpþ 1Þðp2 þ 2pþ 2Þg4kv
þ 30p2ð3pþ 1Þk2g3v 5pðpþ 1Þkg2v2
¼ 0 ð24Þ
pkg6fðp 1Þ2ðp 2Þ½2p2 þ 2ðp 2Þ2 þ 4p4ðp 1Þ
þ pðp 1Þ3ðp 2Þ þ pðp 1Þðpþ 1Þ2ðpþ 2Þg
 pkg6fðpþ 1Þ2ðpþ 2Þ½2p2 þ 2ðpþ 2Þ2 þ 4p4ðpþ 1Þ
þ pðpþ 1Þðp 1Þ2ðp 2Þ þ pðpþ 1Þ3ðpþ 2Þg
þ 15p2k2g5fðp 1Þðp 2Þðp 3Þ þ 2ðp 1Þð3p2  3p
þ 2Þ þ ðpþ 1Þð3p2 þ 3pþ 2Þg þ 15p2k2g5fðpþ 1Þðp
 1Þðp 2Þ þ ðp 1Þð3p2 þ 3pþ 2Þ þ 2pð3p2  3p
þ 2Þg þ 10p2g4kvð3p2 þ 5Þ  45p3k3g4ð4p 2Þ
þ 10p2kg2v2  30ð3p 1Þk2p2g3v
¼ 0 ð25Þ
Solving the above system for p= 1 gives
90k3g4540k2g5þ720kg6¼ 0 ð26Þ
120g4kvþ1380k2g560k2g3v270k3g41680kg6 ¼ 0 ð27Þ
200g4kvþ1232kg6þ120k2g3vþ270k3g41140k2g510kg2v2¼ 0 ð28Þ
260 A. Bekir, O¨. Gu¨ner300k2g5þ80kg4vþ10kg2v2272kg690k3g460k2g3v
¼ 0 ð29Þ
Solving the above equations yields
g ¼ k
2












Hence, ﬁnally, the topological soliton solution to the sixth-
order Ramani Eq. (16) is given by
uðx; tÞ ¼ k tanhðgðx vtÞÞ ð32Þ
where the parameters k and g are all constants and is the
velocity of the soliton.3. Conclusion
In this paper, we have derived the topological soliton solutions
of the some nonlinear evolution equations. The knowledge of
its solutions presented in any form will help to understand bet-
ter the processes in such systems. To our knowledge, these new
solutions have not been reported in former literature, and they
may be of signiﬁcant importance for the explanation of some
special physical phenomena. The solitary wave ansatz method
can be applied to high-dimensional or coupled NLPDEs in
mathematical physics. We hope that the present solutions
may be useful in further numerical analysis and may help
one to explain some physical phenomena. In future, this equa-
tion will be explored further.References
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